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Abstract 



O Motivated by the new higher D-super gravity solutions on intersecting attrac- 

tors obtained by Ferrara et al. in [ Phys.Rev.D79:065031-2009], we focus in this 
paper on 8D maximal supergravity with moduli space S $q^ x S so(^ an< ^ study 
explicitly the attractor mechanism for various configurations of extremal black p- 
■ branes (anti-branes) with the typical near horizon geometries AdS p +2 x S m x 

rp6-p-m an( ^ p _ 0,1,2,3,4; 2 < m < 6. Interpretations in terms of wrapped M2 
fSl ' and M5 branes of the 11D M-theory on 3-torus are also given. 
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1 Introduction 

X 

Since its discovery by D.Z Freedman, P. van Nieuwenhuizen and S. Ferrara at the mid of 
seventieth of the last century |H|2], the properties of supergravity theories, based on the 
gauging of Haag-Lopozansky-Sohinus (HLS) supersymmetry [3], have been intensively 
studied in four and higher dimensions; for reviews see jU 0, E] • These studies allowed 
more insight into supersymmetric gauge theories in diverse dimensions and led to the ob- 
tention of superstrings [7] containing the various 4D and higher supergravities as Planck 
scale limits of 10D superstrings and 11D M theory compactifications [8]. Besides usual 
properties, supergravity in higher dimensions have moreover specific features; in partic- 
ular they need a graded Lie algebraic structure going beyond the LHS superalgebra by 
implementing exotic "central" charges ] = Z p that transform in non trivial rep- 

resentations of SO (1, D — 1) space time symmetry [5J [TD]. They also have (p + 1)- form 
gauge fields A p+ ± = A^,,,^ +1 ] in addition to the graviton Q^ u , the usual 1-form gauge 
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fields Afj,, scalars {(j) 1 } and their supersymmetric partners x a - These central charges 
Z p and gauge fields A p+ i play, like in the case of J^D black holes jTH [121 113]) a crucial 
role in dealing with static, asymptotically flat and spherically symmetric extremal black 
p-brane solutions living in higher dimensions. In this regards and following the first orig- 
inal works [TU [15j [16j [T7J [HJ CEH] and subsequent ones led by S.Ferrara and collaborators 
[20| |2T] and refs therein, growing attention has been devoted to the study of the black 
hole solutions in various dimensions and their attractor mechanism taking into account 
p-branes carrying non trivial magnetic p A and electric charges q\ of the (p + 2)-form 
gauge field strengths Fp + 2 an d their magnetic duals -Fd- p -2|a [22]-[32j. The attractor 
equations are obtained by minimization of the effective potential V e // (</>) induced by the 
kinetic energies of the gauge field strengths of the supergravity theory. The minima of 
the effective potential, solving the conditions djVeff = 0, det (didjV e ff) > 0, SV e ff = 0, 
determine the values of the scalars at the horizon in terms of the black brane charges p A 
and q\. 

Motivated by the new solutions on higher dimensional intersecting attractors recently 
obtained in [33J, we focus in this paper on maximal supergravity in 8D with moduli 
space [SL (3, R) /SO (3)] x [SL (2, R) /SO (2)] and study explicitly the attractor mech- 
anism for various configurations of black p- branes and anti-branes living in 8D and 
having the typical near horizon geometries AdS p+ 2 x S m x T 6 ~ p ~ m , with < p < 4, 
and 2 < p + m < 6. We also complete some partial results of [33]; in particular the 
strand on the black dyonic membrane and the dual black attractor pairs string/ (anti) 

3- branes, holes/(anti) 4-branes. 

The presentation is as follows: In section 2, we first study the 8D M = (2, 2) supersym- 
metric algebra in presence of p-branes; then we consider the embedding of this non chiral 
supersymmetric field theory into 11D M theory on the 3-torus. This is useful for learn- 
ing the group theoretic representations in which the gauge and scalar fields transform. 
In section 3, we study the attractor eqs for the black branes in 8D. We first consider 
an unconstrained parametrization of the moduli space, then we study the total effective 
potential and we derive the general form of the attractor eqs depending on the values 
of the Maurer Cartan 1-forms. In section 4, we study the solutions for the attractors 
equations. We study the explicit solutions for the dyonic membrane; actually, this com- 
pletes the analysis done in [33J. Then we consider the general solutions for case of black 
strings and black 3-branes. This study extends directly to the case of black holes / black 

4- branes; which is omitted. In section 5, we make an explicit study of the intersecting 
attractors in 8D by using the approach of [33]. In section 6 we give our conclusion and 
in in section 7, we give an appendix on useful properties on the algebras of spinors in 
8D space time. 
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2 Z- charges in 8D J\f = (2, 2) supergravity 



We begin by studying maximal supersymmetry in eight dimensional space time with 
p-branes. Then, we consider the embedding of 8D M = (2, 2) supergravity into the 
11D M-theory compactification on the 3-torus T 3 . Configurations based on M2 and 
M5 branes wrapping various cycles of T 3 are also considered in connection with black 
p-branes in 8D. 



2.1 jV = (2,2) superalgebra with branes 

In eight dimensions, non chiral M = (2,2) supersymmetry has 32 conserved supersym- 
metric charges given by the 8D fermionic generators, 

generators : 50 (1, 7) x SU (2) x U (1) 

Qt A ~ (8.,2) + (2.1) 

QIa ~ (8«2)_ 

In addition to the 50(1,7) space time, we also have an extra U (2) = U (1) x SU (2) 
invariance; this is an automorphism symmetry group with the U (1) factor capturing 
the ± chirality charges of the Weyl spinors in 8D and the SU (2) rotating the two 
supercharges Q ±A . 

Q +A — > (U£Q +B ) , Q~ A — > Q~ B (U^e^i 6 , (2.2) 

with £7(1) charge q = 1 and U a unimodular 2x2 unitary matrix. This SU (2) au- 
tomorphism symmetry has also an interpretation as an internal symmetry in terms of 
embedding M = (2,2) 8D supergravity in the 11D M-theory compactification on T 3 . 
Under the reduction from 11D down to 8D, the SO (1, 10) Lorentz group at each point 
of space time -Mn gets broken down to 5*0(1,7) x SO (3) where the internal 50(3) 
orthogonal group is thought of in terms of the covering SU (2) symmetry. 
To get the general structure of the supersymmetric Lie algebra satisfied by the Q^ A 
and Q^ A operators, we use results on the tensor products of SO (1, 7) x SU (2) x U (1) 
representations; in particular the SO (1,7) ones, 

8iX8i = 1 + 28 + 35* , 
8j x 8j = 8 fc + 56 fc 

with i,j, k cyclic and where 8j stand for 8 S , 8 C , 8 V describing the basic eight dimensional 
representations of 50(1,7). For the case of spinor doublets of eqs f)2.ip . we have the 
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decompositions, 

(8 S) 2) <g> (8 S , 2) = (1,4)©(28,4)©(35 S ,4) 

(8 S , 2) <g> (8 C , 2) = (8„,4) 0(56^,4) (2.4) 

(8 C ,2)® (8 C ,2) = (1,4)©(28,4)©(35 C ,4) 

with the complex (1 + 35) associated with the symmetric part of the product and the 
complex 28 = with the antisymmetric component. Using these relations, the general 
form of the anticommutation relations between the fermionic generators QX A an d Q&a 
may be written as follows, 

{Q + a A ,Qt B } = z+J AB (2.5) 

{QjAiQs B } = Z ^s\AB 

where in addition to the usual terms S^P^, we have moreover other charge operators 
transforming into non trivial representations of SO (1,7). These operators have the 
following expansion properties 

Z ^\B ~ £bcL jS Z » + £bcL jS Z FP 



y++AB _ r y++(AB) , c ABr^ u 7++ _i_ rVP X y++( AB ) 

— °a!3 Zj + £ 1 + 1 a/3 ^^upX /q c\ 

fJ.V y , p/JI/pA y (CD) \ " U / 



Z ^s\ab ~ 6 iS Z (AB) + £ abT^Z^ u + e AC e B D^ 7 s Z ^upX 



where anti-symmetrization with respect to the space time indices is understood; see also 
appendix for more details on Y- matrices. Obviously, the charge operators Z® A B , Z^ AB 
and Z~-~ AB are bosonic and generally take non zero values; they transform non trivially 
under SO (1, 7) rotations and obey commutation relations [HJ [TO], that are obtained as 
usual by solving the graded Jacobi identities. Let us comment much more these objects 
as they are crucial in studying black p-branes. The operators Z^ AB are complex and 
correspond to taking the symmetric part of the following tensor product relation, 

(8 S ,2) + ©(8 S ,2) + = (1,1) ++ ©(28,1) ++ ©(35 S ,1) ++ © 

(l,3) ++ ©(28,3) ++ ©(35 s ,3) ++ 

where the U (1) charges are exhibited as sub-indices. This decomposition leads to the 
identifications 

Z++(^)~(l,3) ++ , Z++~(28,l) ++ , ^i AB) ~(35 s ,3) ++ (2.8) 

and shows that there various kinds of Z-charge operators capturing a priori different 
information of M = (2, 2) supersymmetric theory in 8D. This is in fact what happens as 
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we will see throughout this study. Notice that similar relations are valid for (8 C , 2)_ © 
(8 C , 2)_; they are just the complex conjugates of the above ones. We also have 

(8 S ,2) + © (8 C ,2)_ = (8„,1) ©(56„,1) ©(8„,3) ©(56 V ,3) (2.9) 

with the correspondence 

4^~(8„,3) , ~ (56,, 1) , 4t B) ~(56„,3) (2.10) 

From this analysis, we learn amongst others that these bosonic Z- generators appearing 
in the supersymmetric algebra ( 12. 5ft exhibit a set of remarkable properties; in particular 
the two following: 

(a) Like the other generators of the superalgebra (12. 5p . the Z's are generally charged 
under the internal SU (2) x £7(1) automorphism symmetry and 5*0(1,7) invariance 
since, in addition to the quantum numbers (A, ±g), they also carry space time indices in 
the antisymmetric representations. The last property allows to associate to each Z^.,^ 
operator the space time p-form operator density 

Z p = -dx^A.-.Adx^Z^. (2.11) 
pi 

together with the J (M p ) = J p invariant, J p = f M Z p , where M p is a p-dimensional 
space time submanifold which may be thought of as the world volume of a p-brane. 
Using eqs fl2.8H2.10j) . it follows that in 8D maximal supergravity, we have for the complex 
SU (2) singlets Z^, the 2-form operators 

Z 2 =\dx^dx v Z„ v , J 2 = J Ah Z 2 , (2.12) 

and the p-forms, 

Z^ = ^A...AcfaA Z^l p , j} AB) =f Mp 4 AB) , (2.13) 
for p = 0, 1, 3, 4 for the SU (2) triplets. 

(b) From eqsf l2.81l2.10p . we learn as well that the Z Pi , ^ operators have at most four 
space time indices. This property allows to give them an interpretation in terms of 
fluxes of gauge fields in 8D supergravity. Indeed, using the usual relations m = L 2 ^2 
and e = L 2 T% giving the magnetic and electric charges of particles coupled to \D 
Maxwell gauge fields and thinking about the Z p s in the same manner, we end with the 
following relations 

= Is 2 ^>+ 2 ' = J S 2 F 6 - p 

3p = JM p+ 2 ^P+ 2 ' ^ 4 ~P = iiWe-p 6 ~P 
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teaching us that the Z p s describe precisely charges of p-branes that couple to the 8D 
supergravity (p + 1)- form gauge fields A p+ i with the field strengths T p+2 and their 
magnetic duals J-§- p . In these relations, the spaces M p+2 ~ M p x S 2 and M 6 _ p ~ 
M4_ p x S 2 are dual sub-manifolds of the 8D space time .Ms with the typical fibration, 

M 6 _ p — )• M 8 

|tt p+2 (2.15) 
M p+2 

where M p+2 is thought as the (p + 2)- dimensional base sub-manifold and M 6 _ p as its 
(6 — p)- dimensional fiber. For later use notice also that p-branes and their (4 — p)- duals 
extend along the dimensions of the respective M p and M 4 _ p base sub-manifolds of M p+2 
and M4-P, 

S 2 — ► M 6 _ p 

|^4- P (2.16) 
4-p branes M 4 _ p 

Below we study some aspects on gauge fields in 8D supergravity; in particular the gauge 
field content, the connection with p-branes and the embedding in M-theory compactifi- 
cation the 3-torus. 



S 2 — ► M p+2 
p-branes M p 



2.2 Embedding 8D J\f = (2,2) supergravity in M-theory 

The massless spectrum of the supergravity limit of M-theory has, besides the 11D field 
metric Q^,^ , an antisymmetric gauge 3-form C^^p that couples to M2 brane as well as 
fermionic partners. Under compactification of M-theory on the 3-torus, the M2 and M5 
get wrapped and the fields Q^mn^ an d ^mnp S e ^ reduced to, 

Gt D) , C% D P ] , (2.17) 

together with the following 8D bosonic fields namely 

B% , A* , 1 ,-,0 7 , (2.18) 

where the indices a = 1,2,3 and i = 1,2. The field CjH^ couples to the membrane M2 
living in 8D as in eqs fl2.15H2.16p . the three B a couple to the three kinds of strings 
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obtained by wrapping the M2 brane on each S 1 cycle of T 3 as given below, 
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(2.19) 



Regarding the six 1-form gauge fields 

A«=(Af,Af) , Af = A°, Af = K* (2.20) 

three of them; say A°^ = Q^a^ , are Kaluza Klein type obtained from the metric reduc- 
tion; and the three A°^ others follow from the reduction of &mnp as, 

where e a b c is the usual completely antisymmetric tensor of the real 3D space. These 
fields are associated with the three gauge particles given by the wrapping of M2 brane 
on the three 2-cycles of T 3 as illustrated on the following table, 
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(2.22) 



Before proceeding let us give some useful details. 

8D J\f = 2 supergravity fields 
Under reduction to eight dimensions, the initial 128 + 128 degrees of freedom of 11D 
supergravity decomposes into various SO (1,7) representations. For the fermionic sector, 
we have 

128 = (2 x [6 x 8 - 8]) + (6x8). (2.23) 

The first block describes the degrees of freedom of two 8D Ravita Schwinger fields 
^PafiA (A = 1, 2) and the second one captures the degrees of freedom of (2 x 3) gauginos 
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A^ a , A A a . For the 128 bosonic degrees of freedom; they decompose as follows 

128 = (1 + 20) + 20 + (3 x 15) + (2 x 3 x 6) + (5 + 1) (2.24) 

where (1 + 20) stand for the dilaton a and the metric fields and the second 20 for 
the antisymmetric C pup . The 3 x 15 are the degrees of freedom of the B a triplet, the 
number 2x3x6 describe two triplets of gauge fields A™ and finally (5 + 1) stand for the 
scalars (p( ab \ ■§. The later follow respectively from the reduction of the metric and the 
3-form gauge field on T 3 leading to the quintet G a b = ^ ab ^ and the singlet C a bc ~ tabc®- 
In summary, the bosonic content of 8D J\f — (2, 2) supergravity is, 

£V, <V P , B%, A™, ^ ab \ a, (2.25) 

with Yla=i ^ a °^ = 0- Notice that in addition to: (1) the seven scalar fields {0} that 
parameterize the moduli space S ^q^ x S gQ^ ~ S su{2) x S *u(i)^ ^° ^ e discussed in details 
later on; and (2) the 8D graviton Q^ u with scalar curvature TZ$ and energy density, 

^gravity = ~ 16 l Gf , j Ms d 8 X y/^Q 1Z 8 (2.26) 

with Q = det Q pu , we have moreover the following: 

(a) the antisymmetric field C pup defining a real gauge 3-form C3 = ^dx^ Adx h ' f\dx p C pvp 
together with the 4-form field strength T± = dC^, and its magnetic dual T± = *T±. The 
lagrangian density describing the coupled dynamics of this field reads in general as follows 

Zs-form = sic-J M8 v^G N?l (0) T,^T^ (2.27) 

where the second term is topological. Implementing the duality relation ^ ~ 
^£^...^8 J rMl - M4 by a Lagrange multiplier A/j^,, we end with the gauge field action 

^form = ^aiI Ma V=5 < 2) (0) T^T^i (2.28) 

where the field matrix M\j ((f)), which can be factorized as K™ (0) & mn K™ (0), provides 
the field coupling metric for the kinetic terms. In this equation, we have also included 
the topological term and set 




n=\ i 4 ) , ?*= M?n , (2.29) 



transforming as an SL (2, R) doublet. 

(b) three antisymmetric gauge fields B a defining a triplet of real gauge 2-forms B^ with 
field strengths = dB% and magnetic duals T*>\ a = * (J^s)- The lagrangian density 
describing their coupled dynamics reads as follows 

^-form = ^gJ Ms ^Q A/2> (0) Tl vp T^ , (2.30) 
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with field metric (4>) that can be factorized like L° a (0) 5 c dLf (0). 
(c) six real gauge fields A™ defining six real 1-forms A m = dx^A™ with field strengths 
= dA m and magnetic duals = * (J 7 ™)- F° r l&ter physical interpretation, it is 
interesting to set, 

The lagrangian density of these gauge fields reads as follows 

^-form = ^V=5 <>„ (0) • (2.32) 

Notice that because of the factorization of the moduli space, the field coupling Af^bj 
decomposes as well like J\ff;? x N^f 1 . Notice also that the two internal indices 



carried by the above gauge field strengths refer to SL (3, R) x SL (2, R) representations. 
We have, 



fields strenghts : 7\ , T z \ a , T% , > ^6|ai 

SL(3)xSL(2) : (1,2) , (3',1) , (3,1) , (3,2) , (3', 2') 



(2.33) 



For simplicity, we will sometimes refer collectively to these field strengths as Fp + 2 — 
dA J p+1 , J-%- p -2\i = * (•^+2) with A J p+1 the gauge (p + l)-forms taking values on SL (3) x 
SL (2) representations designated by the / index. These gauge invariant fields are as- 
sociated with p-branes (anti-p-branes) having electric charges qj and magnetic ones p 1 
given by the generic relations 

P I = k p+2 H + 2 , 9i = k p+2 ^- P \i ■ (2-34) 

where the cycles S p +2 and the dual S 6 _ p may be thought of as given by the spheres S p+2 
and S 6 ~ p respectively. 
Brane configurations 

Along with the M2 brane and the M2/S 1 as well as the M2/T 2 wrapped geometries, we 
also have wrapped configurations induced by the M5 brane. Since M5 is the magnetic 
dual of M2, the corresponding wrapped configurations are dual to the ones associated 
with the membrane. In the case of 8D Af = (2,2) supergravity, the electric /magnetic 
duality that relates pairs of black p- and q- branes requires p + q = 4 from which we read 
the various black brane configurations in 8D: 

(i) there are six black holes given by wrapping M2/T 2 ; these black holes have magnetic 
charges P m and transform in the bi-fundamental of SL (3, R) x SL (2, R), 

P m = I s ^ 2 m , M%T% = T 2 \ ai , M^ ck N^ = 5 b a 5{ (2.35) 
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(ii) six black 4-branes obtained by wrapping M5/S 1 ; these black objects are the dual of 
the black holes and carry the electric charges, 

Qai — J S 6 -F 5\ai j (2.36) 

with P at Qbj ~ n5l5 l j and where n an integer. 

(iii) three black strings obtained by wrapping M2/S 1 ; they are magnetically charged, 

Pa = J S 3 ^3|a , (2-37) 

(iv) three black 3-branes following from the wrapping M5/T 2 ; their electric charge reads 
as follows, 

q a = J s5 ^ , q a Pb ~n6 a b . (2.38) 
these are the dual of the black strings. 

(v) a dyonic black 2-brane given by the fundamental M2 and the wrapped M5/T 3 . Its 
electric e and magnetic g charges are as follows, 

h* = f S 4 H , h* = (g, e) , eg ~ n. (2.39) 

From this analysis, we learn that the full abelian gauge symmetry of the 8D M = 2 
supergravity is given by 

U M 2 (1) ® C^ 2/S i (1) ® C/^ 2/t2 (1) ® Ui K (1) , (2.40) 

where Um2 (1) stands for the gauge group associated with the gauge 3-form, U 3 x (1) 
for strings and 2 (1) x ^kk (1) f° r ^ ne g au S e particles. 

3 Attractor eqs of black p-branes 



In this section, we study an unconstrained parametrization of the moduli space S gQ^ 



x 



S Q( 2 j of the 8D maximal supergravity. This parametrization is based on using field 
matrices in SL (3, R) x SL (2, R) and gauging out the 5*0 (3) x 5*0 (2) isometries of the 
moduli space. Then, we examine the total expression of the effective scalar potential 
V e ff of the black p-branes and derive the general expression of the attractor equations 
associated with the various black p- branes configurations living in 8D. 

3.1 Moduli space of 8D supergravity 
3.1.1 Scalar fields 

In addition to the gauge fields and gauginos, the eight dimensional Af = (2,2) super- 
gravity multiplet (I2.25P has seven real scalar fields 7 } parameterizing a non 
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trivial scalar manifold. The first six scalars, to be denoted like {a,(p/ ab \j , Tr {tp) = 0, 
have a geometric interpretation in M theory compactification on the 3-torus; the seventh, 
denoted as has rather a stringy origin as the value of the gauge 3- form Cj^vp on T 3 . 
These scalars capture special features on maximal supergravity in 8D; in particular the 
two useful properties reported below. 

First, the seven scalars <p l , 7 organize into two irreducible multiplets with 
5 + 2 field components with the property ^2 a <fu a ) = 0, J2i^(u) = 0- The fields <fr a f,) are 
given by the following real symmetric and traceless 3x3 matrix, 



S 



/0 1 3 4 \ 

3 2 5 

\0 4 5 0°/ 



S Q T = 5 (3.1) 



where we have set = —(ft 1 — (ft 2 since Tr So = 0. In group theoretic language [37], this 
So matrix is associated with a particular real group element 

M = exp S (3.2) 

of the SL (3, R) group manifold, Mq = M , det M = 1; but moreover Mq = M due 
to Sq = S . By using the general result that each generic SL (n, R) matrix M can be 
usually decomposed as the product Uo X M x Uq of an orthogonal SO (n) matrix Uq 
and a symmetric Mo one, it follows then that Mo is just a representative matrix of the 
coset SL (3, R) /SO (3); that is a representative element of the class 

M = U T MU , MeSL(3,R) , £/ G SO (3) . (3.3) 

The same analysis holds for the other two real fields they organize into a real 

symmetric and traceless 2x2 matrix of the form 

, Q = expP , (3.4) 

with (f) 6 = er, (f) 7 = Here also, the real 2x2 matrix Q is a representative matrix of the 
class Q = V T QV with Q e SL (2, R) and V G SO (2). Therefore, the seven scalar fields 
{(f) ,...,(f) } of the Si? maximal supergravity, organized as in eqsf l3.1tl3~4l) . parameterize 
the real seven dimension non compact moduli space 

SL (3,P) SL (2,R) SU (1,2) S£/(l,l) 
SO (3) SO (2) ~ SC/(2) U{2) ' 1 j 

The second property, we want to comment is that the scalars {0 ,...,0 } generate 0- 
dependent couplings among the components of the supergravity multiplet (12. 25ft . Some 




11 



of these couplings are given by the scalar functions M'f) (0) encountered previously ( 12.281 
I2.30p . The other couplings are given by self interactions as well as the coupling to the 
gravity field as shown on the lagrangian density 

Sscalars = ^ J d 8 X ^A^G 9l J (0) drf d„<j> J (3.6) 

where gu(<fi) is the metric of (13.51) . 

To deal with the various couplings of these scalar fields as well as the effective potential 
of the black branes V e // (0) to be considered later on, we shall develop a formalism based 
on the typical relations ( 13. 3 p and to which we refer to as the unconstrained method. This 
formalism relies on working with two real matrix fields; namely a 3 x 3 matrix field (L a f,) 
and a 2 x 2 matrix (Kij) that are valued in the SL (3, R) x SL (2, R) Lie group, 

L ab eSL(3,R) , K i:j eSL(2,R) (3.7) 

and think about the SO (3) x SO (2) isometry of the moduli space as an auxiliary gauge 
symmetry captured by auxiliary gauge fields ^4^° 3X5 ° 2 . In this set up, physical observ- 
ables are expressed in terms of the L and K matrices; but are SO (3) x SO (2) invariant. 
Let us give some useful details. 



3.1.2 More on unconstrained method 

Being group elements of SL (3, R) x SL (2, R) group manifold, the real matrices L and 
K satisfy the group theoretical constraint eqs, 

L ac L cb = 5 b a , L- 1 = L , det L = 1 . , 

" , ~ 3.8 

K u K l3 = b\ , K~ l = K , det K = 1 V ; 

fixing two real degrees of freedom among the real 9 + 4. The other (3 + 1) undesired 
variables are fixed by requiring the following identifications under the SO (3) x 5*0 (2) 
symmetry of the moduli space 

K = V T KV , VeS0(2) 

L = U T LU , U eS0{3) 1 ' ' 

where V = exp rjr with r = r 2 given by eq( l3.15l) and U = exp ( a T a are gauge transfor- 
mations with respective gauge parameters rj = rj (0) and ( a = ( a (4>). Notice that the 
three T a 's are given by the following antisymmetric 3x3 matrices, 





( ° 


i 






( 





1 ^ 




( 


\ 




-1 








, r 2 = 
















1 




V o 









K- 1 









\o 


-1 o) 



(3.10) 
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We also require that the matrix gradients V S ° 3 L and V S ° 2 K, with V*° n = - A s ° n , 
are gauge covariant under these transformations so that their space time kinetic ener- 
gies {Q^ (V M L) L' 1 (V„L) L' 1 ) + \^QTr {Q^ (V„K) K' 1 {V„K) K' 1 ) are 

gauge invariant. More precisely, we have 

(V,^ 1 - U T [(V-L) L- 1 ] U , 

where the 8D vector fields (A S ° 3 ,A S ° 2 ) are gauge fields associated with the SO (3) x 
SO (2) isometry of the moduli space. Under SO (3) x SO (2) change generated by the 
(U, V) orthogonal matrices, these gauge fields transform respectively as A s ° 3 + Ud^U 7 ', 
A s ° 2 + Vd^V 7 '. Notice also that the gauge fields A s ° 3 and A s ° 2 are auxiliary fields in the 
sense that they do not have kinetic terms; the elimination of these fields through their 
equations of motion allows to express them as functions of the L and K matrices and 
their space time derivatives, 

A™ = F{L,d lt L) , A s ; 2 = F(K,d,K) , (3.12) 

which, up on substitution, induce non trivial self interactions amongst the matrix fields 
leading to the metric of the moduli space SL so^)xsc)(2)^ • 

The SO (3) x SO (2) identifications (I3.9H3.11I) can be explicitly illustrated by expressing 
the field matrices L and K as Lie group elements like, 



L = exp ip , K = exp £ 
U = exp ( , V = exp rj.r 



, ' (3.13) 



with (p = J2 a ,b {<£ab ~ \x$ab) T a \ £ = J2 m ,n (Cmn - ^" which read also like, 

V=E<PaT a , £=EC*t q , ( = E( a T a ■ (3.14) 

A=l a=l 

Here the eight traceless 3x3 matrices T ab (or equivalently T A ) are the generators of 
SL (3, R); they may be split as (3 + 5) describing respectively = e abc T c generating 
the subgroup SO (3) and generating the SL (3, R) /SO (3) manifold. The three 2x2 
traceless matrices r mn (or equivalently r Q ) are the generators of SL (2, R); they split as 
(1 + 2) describing respectively r' mn ^ = e mn j 2 generating 5*0 (2) and r^ mT ^ generating the 
space SL (2, R) /SO (2). These generators read as follows: 

! ',' : )■ - 2 =( ° ' ) r'=[ ; , j (3.ir„ 




with the relations 



-1 



r 1 = r 12 + r 21 r 3 = r 11 — r 22 

r 2 = r 12_ r 21 5 = r ll +r 22 




(3.16) 
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where sometimes we also use the notation r 3 = r°. The net field variables parameter- 
izing the typical coset manifolds SL (n, R) / SO (n) may be obtained by decomposing 
the adjoint representation of SL (n, R) with respect to the irreducible representations of 
SO(n). We have 

2 _ -y _ n(n-l) ^ n(n+l)-2 ^ ^ 



77. 



where n( - n ~ 1 ^ stands for adso( n ) and "^ n+ 2 1 ^ 2 for the traceless symmetric representation. 
Gauge symmetry under SO (n) may be used to fix the antisymmetric part Y^ a b Viab]^ 
in the typical expansions (13.141) leaving free the real n ( n + 1 )~ 2 variables. 
In M = (2, 2) supergravity where the role of SL (n, R) is played by the direct product 
SL (3,R) x SL (2,R), the decomposition with respect to SO (3) x SO (2) reads as, 



SL (3, R) D SO (3) 


SL(2,R) D 50(2) 


8 = 3©5 


3 = 1©2 



(3.18) 



The (5 + 2) physical degrees of freedom ip( ab \ £^ parameterizing ( 13. 5 p may be explicitly 
exhibited by solving the above SO (3) x 5*0 (2) identifications ( 13. 9 p to end with the gauge 
fixed representatives L and K given by, 

£o = eV ^ = E 0)6 ^) T(a6) ' > f319l 

where <p {ab) = <p {ba) , £ {mn) = £ {nm) and Ea^(aa) = 0, E m £( mm ) = °- For later use ; we 
rewrite the matrix K like, 

iT = exp(tfr 1 + <xr a ) . (3.20) 
These gauge fixed matrices should be compared with (13. 1H3.4|) . 

3.1.3 Maurer Cartan forms 

In the unconstrained parametrization of the moduli space (I3.5p . the basic field variables 
are the matrices L and K obeying f l3.9H3.ll]) . The variations of these field matrices are 
captured by the Maurer Cartan 1-forms Q 3 = Q and Q SL2 = uj [MJ [37] living on the 
SL (3, R) x SL (2, R) group manifold. These real 1-forms, 

n = -L(dL- 1 ) , 

\ x ' 3.2i 

depend implicitly of the group parameters (p A , £ Q and their d<p A , d^ a differentials and 
exhibit two basic kinds of expansions; the first one with respect to the field differential 
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basis {d(p A , <i£ a } and the second with respect to the generators {Ta, T a } of the si (3, R) © 
si (2, R) Lie algebra. 

Differential basis {dtp A , d£ a } 
Substituting the matrices L and K by their respective expressions exp (J2a ¥ ) A^) an d 
exp i^2i a i a T a ) into eq fl3.21j) . we see that we can expand these Maurer Cartan forms in 
a series as follows 

8 3 

n= J2 d(f A n A , u = E d C^ a , (3.22) 

A=l oc=l 

with sections VL A = —LTaL~ 1 and u a = —KT a K~ x which are noting but the Lie group 
adjoint actions on the si (3, R) © si (2, R) generators, 

Q A = _ e ad v j- A ; Ua = _ e ad (Ta _ (323) 

These sections are real matrices that are respectively valued in the si (3, R) and si (2, R) 
Lie algebras as shown by the traces Tr (Qa) = 0, Tr (u a ) = 0. Notice also that thinking 
about si (3, R) © si (2, R) as a vector space, the Maurer Cartan fields Q and a; may be 
split as follows 

n = n SO s+n SL 3 /S0 3 9 

where the terms fl SOn and f2 5Ln/,5 °™ are respectively the Maurer Cartan forms associated 
with 5*0 (n) group and the coset space SL (n, R) /SO (n). 

Lie algebra basis {Ta, T a } 
Using specific properties of SL (n, R) matrices; in particular the adjoint action e A Be~ A = 
e adA B with ad A B = AB — BA and applying this to the field matrices L = e v , K = e*, 
we can express the sections Qa = —e v T A and u a = —e ad ^r a as an infinite series like, 

oo 

tt A = -T A - E h [P,[P,- [<P,Ta] •••]]„ , 

^ (3.25) 
w« = -r a - ...[£, r a ]...]] n 

n=l 

Now substituting = ¥bT b and £ = X]/? £/3 r/3 i n these relations and using [</?, Ta] = 
F^ A (p B Tc and [£, r Q ] = fJa^T-, with and fL standing for the structure constants 
of the si (3, R) and si (2, i?) Lie algebras, we learn that the Q A an d u) a matrices may be 
expanded in terms of the generators { T B ; r 13 } as follows 

^a = E0^ , w« = E/,^r /s . (3.26) 

B 

Seen that these expansions are useful in dealing with attractor eqs of black p-branes; let 
us collect here below the relevant relations: 
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(i) the Maurer Cartan 1-forms Q and u (I3.22p may be expanded into different ways; 
either with respect to the differential form basis as 

8 3 

n= J2 d^ A n A , u=J2 d C^ a , (3.27) 

A=l a=l 

or with respect to the Lie algebra generators like 

8 3 

Q = E A B T B , u = E , (3.28) 

B=l /3=1 

In the first expansion Qa and oo a are matrices valued in the Lie algebras and in the 
second development A B and are real 1-forms. Combining the two expansions, we get, 

8 3 

n= E VQ*Tb , w= E , (3.29) 

A,B=1 a,f3=l 

with 

a s = EaV^ , A^Ert f3 30) 

and 

©2 = , ^ = -(e ad5 )! • (3-31) 

(ii) In the Cartan Weyl basis {H h E^} © {r ,^} of si (3,R) © si (2,R), the Maurer 
Cartan fields Q and a; read as 

n = E + E (A~ v E +r > + A+ 7 ?^- r ') , 

< »» (3.32) 

w = EA°r + EA-r+ + EA + r- 

where rj refers to the positive roots of si (3, R) and where (A*,A ±,? ) and (A , A ) are 
differential forms given by (13.301) . 

(iii) To solve the attractor eqs, we will use different representations to deal with the Mau- 
rer Cartan forms; in particular the above ones but also Q = E dip ab Q a b, w = E d£J nn uj mn 
where f2 afe and u mn are related to Qa and u a as = E ^aT^ an d w mn = E ^oJZm- 
Similarly, we also have dtp A = E dip ab T a A and d£ a = E ^ mn Cn- In this basis > the 
Maurer Cartan forms associated with the SO (n) and SL (n, R) / SO (n) are given by the 
antisymmetric and symmetric parts as shown below 

fi = E^ [a6] ^ 3 + EV ab) < i b f° 3 , 

[run] S0 2 , V- JtH, SL2/S0 2 (3.33) 



a, 6 a,fe 

w = e t^^wf 03 , + E 

' ' \mn\ t—i t> (mn) 



In this representation, the 50 (3) x 5*0 (2) symmetry of the moduli space may be gauged 
" nt Ki ' ++:; ng ^j^ 3 = 0, wj^ 2 ] = leaving only the desired components ^f a &) ° 3 and 



SL 2 /S0 2 
(mn) 
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3.2 Attractor equations 

Attractor equations of black objects in 8D maximal supergravity are obtained by min- 
imizing their effective potential V e // ((f))'-, its Hessian matrix is then positive (33]. This 
scalar potential depend on the coordinates {(f) 1 } of the moduli space of the theory. So, 
attractor eqs follow from SV e ff = q^t^ 1 ■ F° r arbitrary variations 5(f) 1 , we have the 
following constraint relations: 

^ = ° > det (0^)>° > I,J=1,..,N , (3.34) 

whose solutions fix the values of the field moduli at the black object near horizon geom- 
etry in terms of the charges q and p; i.e (f>j = <f>j (p, q). 



3.2.1 Effective potential 

In 8D maximal supergravity where lives several kinds of black p-branes, the total effective 
potential, induced from the kinetic energies of the gauge fields strengths at the horizon, 
is given by the sum over individual components V p associated with each black p-brane 
as given below, 

V e// = (V + V 4 ) + (Vi + V 3 ) + V 2 . (3.35) 

The scalar components V p , which are related by the electric/magnetic duality property 
V p = V^-p, are functions of the scalar fields (13. ip and the charges {g 1 , e/} of the branes, 

V p = V p {<f> 1 ,...,<f> 7 ',g I ,e I ). (3.36) 

In the unconstrained formulation of the moduli space, the effective potential dependence 
in the 0's is realized through the field matrices L a t> = L a ^ ((f)) , Kij = ((f)) so that the 
Vp components are functionals like, 

Vp = V p [L((f>),K((t>)-g I ,e I \ , (3.37) 

with the symmetry property 

V P [L,K]=V P [L',K'] , (3.38) 

where 

V = U T LU, K' = V T KV, (3.39) 

are gauge transformations expressing invariance under 5*0 (3) x 5*0 (2) isometry of the 
moduli space. The individual potentials Vq, Vi and Vo = V4, V\ = V3 are explicitly 
expressed like 



V = \Y,X ai 5 ab 5 l3 X^ , V =lJ2X ai 5 ab 5 ij X bj 
V l = \Y,Y a S ab Y h , Vi = ^Y a 5 ab Y b 



(3.40) 
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In these relations, X ai and X a i are respectively the dressed central charges of the black 
holes and their 4-branes dual while the fields Y a , Y a are the dressed central charges of 
the black strings and their 3-branes dual. We also have 

V 2 = \Zl + \Zl ag , (3.41) 

describing the effective potential of the black membrane. To exhibit the SO (3) x SO (2) 
symmetry of this potential as in (I3.40p . it is interesting to think about V2 as given by 
the following symplectic form 

V 2 = J2Z i 5 ij Z* , (3.42) 

with Z l = (Z mag , Z e i). Moreover, by using the field matrices L, K and the bare electric 
and magnetic charges associated with the various fields strengths of the supergravity 
theory, we can express the above dressed charges as follows 

X™ = Y,P bj HK) , X ai = £ (L- l f a (K- l )\ Q bj , (3.43) 

and 

as well as 

zi = E K ) h j ■ (3-45) 
These dressed charges obey the typical SO (3) x SO (2) symmetry properties 

X ai = J2 xbj U£Vj , Y a = J2Y b U^ , Z* = "£Z j Vj (3.46) 
that are induced by the symmetric features satisfied by the fields matrices L and K. 

3.2.2 Attractor equations 

To get the attractor equations of the black p-branes, we extremize the above effective 
potential V e // with respect to the scalar fields Since V e // is a functional of these 

scalar fields that can be either thought of as 

V eff = V eff [L ab (<P),K ij ^)} (3.47) 

or in terms of the dressed central charges given by eqsf l3.43ll3.45p . 



V e // - Veff 



X™ (0) , Y a (0) , Z" (0) , X ai (0) , Y a (0) , (3.48) 



we can state its extremum in two different, but equivalent, ways. Below, we shall refer 
to these dressed central charges collectively by ty 1 ((f)) and express the attractor eqs both 
in terms of (J33ZD and ( Eg)) . 
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Using eq ft3~Jl\ ) 

By using the matrix fields L and K as well as symmetry under 5*0 (3) x SO (2), the 
extremization of the potential is given by, 



E(Sfef)f&*V + E( 



dv, 



LL 



dKi. 



dKj 



■dC = . 



(3.49) 



So the attractor equations read, up to SO (3) x SO (2) transformations, as follows: 



dip Tr 
dCTr 



LT A 



9V, 



Kr r 



dV, 



a \ 8K 








!)•••) 



.4 

a = 0,1,2 



(3.50) 



in agreement with the x S so(i) factorization of the moduli space. 



(3.51) 



(3.52) 



(3.53) 



Using eg ^3. 4ty 

In this case the extremization condition SV e ff = may be also written as, 

Using eqs fl3.35H3.40p , we can bring this constraint relation into the form, 

^eff = + E Wis {X hj 5X™) + E 5 af ^ (x bj 5X Q 
+ E <U^ b 5Y a + E ^ Wa+ E SijZHZ* 

with 

5X ai = -£(fi$+wJ*i)X M , 5Y a =-Eflft 

= +E^ J 

and where the 1- forms = (5L) L _1 and w = (SK) K~ l are respectively the Cartan 
Maurer forms of the SL (3, R) and SL (2, _R) that we have studied previously. Putting 
these relations back into ( 13.52)) . we can read the attractor equations from the following 
relation, 

5V eff = Tr (xQX - XttX^j + Tr (YttY - YHY 

+ Tr [XuX - XuXj + Tr (ZuZ) = 

Rewriting this constraint equation as a linear combination of the Maurer Cartan 1-forms 
on the SL (3) <g> SL (2) group manifold like 

E T ba n ab + e F ji Ui 



(3.54) 







(3.55) 



With tt ab = YjA d( P A i^A) ab , Wij = Ea d C and ' 

Tafe = E fax* X* - 5 ij X ai X bj ^j + (Y a Y b - Y a Y b 
= E Ua5 ab X al X^ - ^S ab S ik 8 jl X ak X bl ) + Z l Zi 



(3.56) 
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the attractor equations can be expressed as follows: 

jab Q S0 3 + jab Q^/ SO B = o 

[ab] {ab) ' (n r 7 \ 

fii uSOz , F ij SL 2 /S0 2 _ 

where the Maurer Cartan 1-forms are as before. Notice that from eqs( l3.56j) . the tensors 
T ab and F 1 -* are symmetric (T afe = T^ afc \ F 1 -* = pw) and so the first terms of above 
relations namely ^j^ 3 and F^ vanish identically. This property reflets just 
invariance under the SO (3) x SO (2) isometry of the moduli space. So, the attractor 
equations of the black p-branes of maximal supergravity in 8D read as follows, 

T (ab) Q SLs/so s = Q ^ r(ij) W ^/ S ° 2 = o (3, 58 ) 
where now and F m are precisely as in eqsf l3.56j) . 



4 Solving the attractor eqs 

We first study the solutions of the attractor eqs for the dyonic black membrane with 
the near horizon geometry AdS^ x S 4 ; actually this completes the partial results given 
in [33]. Then, we examine the other black attractor solutions corresponding to the p- 
branes with near horizon geometries AdS p+ 2 x S 6-73 . 



4.1 Dyonic membrane 

The dyonic black membrane of 8D maximal supergravity has a near horizon geometry 
AdSi x S A in which the electric e and magnetic g charges of the 4-form are switched 
on 

T± = ea 4 + gf3 A , ~ JFi . (4.1) 

The real 4- forms = aAds 4 and /3 4 = (3 s a are respectively the volume forms on the non 
compact AdS^ and the compact n-sphere S A . We have 

with Vaclsa describing a regularized volume with A some UV regularization parameter. 
We also have 

f A dSixs* :F * A Fi~egV tot , (4.3) 

where Vtot — VacLSa x Ms 4 an d where the electric and magnetic charges of the membrane 
are related by the Dirac quantization relation eg ~ n. Notice that p-forms with p ^ 4, 
which are associated with the other p-black branes of the 8D supergravity, are not 
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supported by the AdS± x S A geometry since there is no p-cycles allowing relations type 
(I4.ip . As such the charges P a \ Q ia , p a , q a are switched off; so the attractor eqs reduce 
to the following conditions on the dressed central charges, 

tfZiuij = . (4.4) 

A standard way to deal with relation is to suppose w< 3 - ^ and end with the 

constraint eqs Z % Z^ = leading to the trivial solution Z % = 0; ie Z eic = Z mag = 0. This 
solution, which requires the vanishing of the bare electric and magnetic charges; 

9 = , e = 0, (4.5) 

corresponds then to a trivial configuration with no black membrane charges. To get more 
insight into eq (14.4ft . let us work out explicitly the minimum of the effective potential 
V e ff = V e // (c, $) of the black membrane whose explicit expression is as in eq (l3.41j) . 
The corresponding attractor equations, 

^ = , ^ = , (4.6) 



(4.7) 



lead to, 

2Z 2 {Z l Z 1 - Z 2 Z 2 ) =0 , 
2Z 2 {Z X Z 2 + Z 2 Z l ) =0 , 

where we have set Z 2 = £\ . (Z l 5ijZ^). Moreover, the Hessian matrix is given by, 
%i = AZ 2 (Z 1 Z 1 - Z 2 Z 2 f 

"ki =AZ 2 {Z 1 Z 2 + Z 2 Z 1 f , (4.8) 



^ = AZ 2 (Z X Z 2 + Z 2 Z X ) (Z X Z X - Z 2 Z 2 ) 



d-ddo 



From these relations, we see that the solution of the attractor eqs (14. 6p is given by the 
trivial values Z x = 0, Z 2 = requiring g = 0, e = in agreement with eqs(] 



4.2 Black pairs in AdS2+ p x S 6 p geometries 

Here we study the general solutions of the attractor equations concerning the system 
made of black strings and their dual magnetic 3-branes in the AdS^ x S 5 geometry. 
Then, we consider explicit solutions for black strings recovered from the pair strings/3- 
branes by switching off the electric charges q a . Similar analysis may be done for the pair 
black holes/4-branes; it is omitted. 
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4.2.1 black pair: strings/3-branes 

We begin by recalling that the near horizon geometries of the black strings and the black 
3-branes in 8D maximal supergravity are respectively given by AdS 3 x •S' 5 and AdS$ x S* 3 . 
But here we will mainly focus on the AdS 3 x S* 5 geometry; a similar analysis is also valid 
for AdS§ x S* 3 . Recall that, generally speaking, the metric of AdS p+ 2 x S 6 ~ p geometry 
of black p-branes reads as follows, 

dsl = R 2 AdSp ds 2 AdSn + R 2 s a- n ds 2 S 8-n (4.9) 

with 

ds 2 AdSn = dp 2 — sinh 2 p dr + cosh p dw 2 n _ 2 (4-10) 

and p > 0, r G [0, 2n] and dw 2 n the length element on the unit n-sphere S n inside the 
non compact AdS space. 

In the case of the AdS 3 x S 5 near horizon geometry, the black strings are located in the 
AdS 3 part of the AdS 3 x S* 5 space and their dual magnetic 3-branes wrap the S 5 /S 2 as 
illustrated below, 
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together with the two other permutations in the 3-torus directions. In this view, the 
field strengths J 7 ^ that couple the strings and their magnetic duals T*> a that couple the 
3-branes are respectively given by J 7 ^ = p a a 3 and T 5a = Qa/3 5 - The magnetic charges p a 
of the strings and the electric q a of the 3- branes are given by the fluxes, 



P a ~ fAdSsfa = P a LdSs "3, 

Qa ~ J S 5 ^5a = qa J S 5 P 5 , 



(4.12) 



where a 3 and f3 5 stand for the volume forms 0:3 d53 and (3f . We also have, 

LdS 3 xS5 A hb ~ p a qbV A ds 3 xss , (4- 13) 
where V AdS3XS 5 = V AdS3 x V55. 

The attractor equations describing the system of black strings/3-branes in the AdS 3 x S* 5 

geometry follow from the extremization of their effective potential Vi + V3 = Vi + Vi 
which reads in terms of the dressed charges Y a , Y a as follows 

V1+V1 = lEY a S ab Y b + ^Ya^Y, . (4.14) 
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The computation of 5 fa + Vi) =0 leads to the condition (y a Y b - Y a Y b \ {l (ab) = 
where the 3x3 matrix field Q is the Maurer Cartan 1-form on SL (3,R). Now, seen 
that ^Y a Y b — Y a Y b ^ is a symmetric matrix, the above condition reduces to, 

(Y a Y b - Y a Y b ^j fif b L3/5 ° 3 = , (4.15) 

where now Q S ab s ^ SO:i is the Maurer Cartan 1-forms on the SL (3, R) /SO (3) coset man- 
ifold, in agreement with 5*0 (3) x SO (2) isometry of the moduli space. The attractor 
equations reads then as follows: 



n ^ 3/ au 3 ^ Q ^ ^yay b _ yaybj = Q _ ( 41 g) 

Since the dressed charges Y a , Y a depend on the matrix field L and the charges p a , q a , 
the solving of the above equations turns to fixing the fields L ab in terms of the electric 
and magnetic charges of the black objects. A particular solution with p ^ 0, q ^ is 
given by 

(L 2 ) ba - P -^ , (L-r b - q -f , (4-17) 
with p 2 = Y1 VcP c an d <? 2 = £ q c Q c - 

Notice that expanding the real 1-form matrix field Q along the basis of SL (3, R) as 
follows, 

Q = £ T A A A , (4.18) 

A=l 

we can also put (I4.15P in the equivalent form 

8 

£ 

A=l 

In terms of these matrices, the attractor eqs read as follows, 



E A A £ (Y*T A Y b - Y«T A Y b ) = , (4.19) 



(YT A Y) - (YT A Y^j =0 , A A . (4.20) 
Notice the three following: 

(i) the attractor eqs associted with the SO(3) geberators given by values A = 1,2,3 
vanish identically since for these values we have 7^f = — T b A . 

(ii) the non zero contributions comes from the remaining five generators 74,..., %,. These 
3x3 generators are real, symmetric and traceless matrices. 

(iii) Altogether with the SO (3) generators Ti, %, T3 given by (13.101) . the real matrices 
74,..., 78 generate the eight dimensional SL(3,R) symmetry. These 74,..., T% matrices 
can be explicitly read by help of eqf l3.ip : from which we learn that the two diagonal 
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generators T4 and T5 are given by 





/ 1 





^ 




(0 
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r 4 = 











, r 5 = 
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- 1 J 
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- 1 / 



(4.21) 



and the three non diagonal ones are as follows 
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(4.22) 



Putting the decomposition (I4.18P back into eq ()4.15p . we can bring it to the form X1a=4 ^ A 3 
A A = 0, with T A = YT A Y - YT A Y or more explicitly 

3 

T A =J2 ( yay6 " Y a Y h ^j T a i . (4.23) 

a,b=l 

By substituting by their values (14.211) . we can also put the components T A like, 

T 1 = (F 1 ^ 1 — Y 3 Y 3 ) — ( Y 1 ^ 1 — Y 3 Y 3 ^ 
(Y 2 Y 2 — Y 3 Y 3 ) — [Y 2 Y 2 — Y 3 Y 3 

(4.24) 



■^5 



2 [Y l Y 2 - Y X Y 2 
2 (yiy 3 - Y l Y 3 

2 1 y 2 y 3 — y 2 Y 3 



where Y a and Y a are as in eqs f)3.44l) . Combining eqs(??- T4.23p . we learn that, depending 
on the values of dressed charges Y and Y, there are several kinds of solutions for the 
attractor equations 

T 1 = T 2 = T 3 = T 4 = T 5 = 0, (4.25) 
whose solution reads, up to SO (3) transformation, as follows, 

(y\ (y\ 

, Y a = ± 





v y 





v y 



(4.26) 



with y is a non zero real number. These relations describe two solutions; one with a sign 
(+) corresponding to a black string/3-brane pair and the second with sign (— ) associated 
with a black string/anti 3- brane pair. These solutions fix three real scalars amongst the 



seven ones parameterizing 



SL(3,R)xSL(2,R) 
SO(3)xSO(2) 



reducing thus the moduli space down to 



SL (2,R) x SL (2,R) 
SO (2) x SO (2) ' 
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4.2.2 black strings 

The attractor equations for the black strings may be obtained by starting from eqs ( 14.241) 
describing the attractor eqs of the strings/ (anti) 3-brane pairs; then set to zero the 
charges of the (anti) 3-branes 

q a = Y a = 0. (4.27) 

This leads to the relations 

e 1 (r 1 ^ 1 - y 3 y 3 ) = o 

9 2 (Y 2 Y 2 - Y 3 Y 3 ) = 

Q-^Y X Y 2 = (4.28) 

e^Y 3 = o 

6 5 Y 2 Y 3 = 

where Y a are the dressed charges associated with the black strings and where we have 
set 9a = A^4_ 4 . In the case where all the A^'s are non zero, it is clear that all the dressed 
charges should vanish 

Y a = , 6 A ^0 . (4.29) 



5 Intersecting attractors 

From the results of |33j, we learn that one should distinguish two main classes of black 
p-brane solutions in higher dimensional supergravity. In the 8D case we are interested 
in here, these are: 

(1) the standard black p- brane solutions based on AdS2+ p x S 6 ~ p , p = 0,1, 2, 3, 4, whose 
features have been explicitly analyzed in previous sections. 

(2) the so called intersecting attractors with the typical near horizon geometries 

AdS 2+p x S m x T 6 ~ p - m , p = 0,1, 2, 3, 4 , p + m < 5. (5.1) 

The novelty with these geometries is that they allow the two following: (i) a variety of 
irreducible sub-manifolds that support various kinds of branes and so a rich spectrum of 
electric and magnetic charges; (ii) non trivial intersections between Pi-/pj- cycles of ( 15. 1ft 
leading to intersecting (BPS and non BPS) attractors. To illustrate the first point, we 
consider the example of the two compact manifolds S m+n and M. m+n = S m x T n with 
same dimension. While the sphere S m+n supports only charges of (m + n — 2)-brane 
charges 

•F n+m = 9 tdn+m i 9 = J ' gm+n J~ n+m > (5-2) 
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and no (m — 1)- brane nor others, the manifold S m x T n allows however many possibili- 
ties. It has several irreducible p^ cycles that support, in addition to (m + n — 2)-branes, 
other kinds; in particular n types of (m — l)-branes with charges given by, 

g a = L(a) F m +i , J^m+i = J2 S^+iu > 

(5.3) 

f c w 1 ^ m+1 | 5 = K , a = l,...,n 

where the C^+i cycles stand for lJa=i (^a x S m ) with n™=i = The branes may be 
imagined as filling the fiber F^i 1 of these cycles C^ +1 thought of in terms of the fibration 

4ti ~ F m-i x with field strength T m+1 = f3 s2 A ^ a /? F w J • 
Using the anzats of [33], we focus below on the study of various examples of these 
typical horizon geometries and work out new and explicit solutions regarding intersecting 
attractors in the case of 8D maximal supergravity. As the solutions are very technical, 
we will concentrate on drawing the crucial lines and give the results. 



5.1 Geometries with AdS4 factor 

We consider two examples: (a) AdSiXS 3 xS 1 and (b) AdS/ i xS 2 x T 2 ; the other possibil- 
ity namely AdS^xS 4 has been considered in subsection 4.1. On the AdS^xS^xS 1 near 
horizon geometry, the non vanishing field strength charges of the 8D maximal super- 
gravity are: (i) the magnetic p a of the strings, (ii) the q a of the 3-branes and (iii) the 
(e, g) charge of the dyonic membrane. In the case of AdS^xS 2 x T 2 , there are moreover 
non trivial black hole charges and 4-brane ones; more precisely: 

Field strengths on AdS 4 x S 3 x S 1 
Using the volume forms cxAdSi an d Ps n with n = 1, 3, we have the following field strengths 
relations: 





p-branes 


(4 — p)- branes 


p = 


Tf = 


J 7 5\ai — 


p = 1 


Tl = p a /3 s3 


J^5\a = q a O!AdS4 / \Ps 1 


p = 2 


T\ = e OiAdS A + 9 0# 5 3A/? 5 i) 



(5.4) 



The vanishing of the charges of the fields strengths and f§\ a i are due to the fact that 
there is no compact 2-cycles nor 6-cycles on the AdS^x S 3 x S 1 geometry that support 
black holes and black 4-brane charges. 

Field strengths on AdS 4 xS 2 xT 2 
This horizon geometry has, in addition to non compact AdS \ thought of as a regularized 
4-cycle j^ dS a^d5 4 = V AdS (A) with regularization parameter A, compact n-cycles C 
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S 2 x T 2 , with n = 1, 2, 3, 4 and regularized m-cycles 7^ m =yW5 , 4 x Cn with m = n + 4 
supporting brane charges. Using the anzats of |33j, we have the corresponding field 
strengths: 





p-branes 


(4 — p)- branes 


p = 




J 7 r i\ai = Qai^AdSi^Px 2 


p = 1 


r=l 


Fb\a = ^QarOLAdSi^Psl 
r 


p = 2 


T 4 = e a A dSi + 9 {/3 S 2A/3 T2 ) 



(5.5) 



where the black string and the black 3-brane fill respectively the 5* 1 and S 1 cycles in the 
2-torus T 2 = S 1 x S 1 . With these electric and magnetic bare charges, we can deduce the 
dressed ones and derive the effective potentials associated with these configurations. 



5.1.1 AdS 4 xS 3 xS 1 

In the case of AdS^x S 3 x S 1 geometry, the corresponding effective potential V e // can 
be read from (13. 35|I3. 40113.411) namely ^Y a 5 a t,Y b + ^Y a 5 ab Y b + ^Z l 5ijZ^\ its extremization 
SVeff = gives 

J2A a (yT a Y-YT a y) +J2\ a (Zr a Z) =0 , (5.6) 

where and A a are 1-forms on the moduli space as in (I3.30P and where T A , r a are 
respectively the generators of SL(3,i?) and SL(2,i?). The attractor eqs following from 
the above extremum namely 

YT A Y-YT A Y =0 , , N 

(5.7) 

Zr a Z = , 

are solved as Y a = +Y a (or Y a = —Y a ) and Z e i ec = Z mag = 0. This configuration 
describes three dual pairs of strings/3-branes (or strings/anti- 3-branes) intersecting 
along the time direction and has a nice interpretation in M-theory compactified on T 3 . 
A typical configuration involving one string and one 3-brane is given by the following 
wrapped M2/M5 system 





AdS 4 


s 3 s 1 


T 3 





1 


2 


3 


4 


5 


6 


7 


8 9 10 


M2 


X 


X 


o 


o 


o 


o 


o 


o 


X o o 


M5 


X 


o 


o 


o 


X 


X 


X 


o 


O X X 



The two other possible configurations correspond to permuting the role of the coordi- 
nates of the 3-torus. 
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5.1.2 AdS 4,x S 2 x T 2 case 

On the geometry AdS4 L xS 2 xT 2 involving the volume forms atAdSt, 0s 2 i fis l i the non 
vanishing field strength charges are given by eqf l5.5l) . Using same approach as before, 
we can determine the effective potential V e ff associated with this configuration; its Its 
extremization <5V e // = leads to 



£ A A £ ( X ai T a i X bi - X ai T a iX bi + Y ai T a iY u - Y ai T^Y hi 

A i=l 



+ EA Q [5 



>ab 



X ai r a X h i — X ai r a X h '-> 

ij ij 



+ Z*T%Z'< 







(5.9) 



where A^, A a T A , r a are same as before. The attractor eqs, 



/ j£ai--j~Aj£bi j£ai--j~Aj£bi _|_ y -ai-j- 'A^ybi y 'ai'j- Ay^bi 

i=l 



6 ah ( X ai r?X b i - X ai r?X b i 








(5.10) 



have two classes of solutions depending on whether Z l = or Z % ^ 0. We have: 

Case (Z e i ec , Z mag ) = (0, 0) 
In this case, the corresponding attractor eqs may be solved in various ways; in particular 
by compensating the terms of the sum like X m = ±X a \ Y at = ±Y a \ These config- 
urations describe intersecting attractors involving black holes, black strings and their 
duals. 

Case (Z eiec , Z mag ) ^ (0, 0) 
One of the solutions of the attractor eqs (I5.10p consists to compensate the terms of the 
sum as follows: 

First solve the first relation of (loTTOl like X ai = ±Y ai , Y ai = ±X ai , 

Then, solve the second relation by taking X ai = ±uX ai with v some real number; this 

leads to 



[y 2 - 1) X ai r%X h ^ ah + ZV£Z* 







from which we learn 



(5.11) 



(5.12) 



where reality property of the central charges Z % imposes to the free parameter v to belong 
to the set [0, 1]. 



5.2 Geometries with AdS3 

We distinguish two cases: AdS 3 xS 3 x T 2 and AdS 3 x S 2 x T 3 ; here we focus on the first 
case as it allows more possibilities. The fluxes emanating from the black branes associated 
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with AdS 3 xS 3 xT 2 are given by, 





p-branes 


(4 — p)- branes 


p = 


Tf = 


J 7 o\ai — 


p — 1 


^? = P^S* 




p = 2 


J" 4 = E e r a A d5 3 A a s i + E ^r/3 S3 A % 

r=l,2 r=l,2 



from which we read the total effective potential, 



(5.13) 



Ve// = (^ >r + ^, r ) + i (Y a X b Y bi + Y^5 ab Y b ^ (5.14) 

r=l 

and whose extremization of V e // gives, 

^ a a (Yr A y - yt a y) + KZr a z = o. 



The corresponding attractor equations are given by 

E (Y a T^Y b - Y a T a iY b ) = , A=l,..,g 

o,6 v 7 

E(^f^) =0 , a = 1,2, 3 

h3,r 



(5.15) 



The first relations are solved as usual that is Y a% = ±Y ai and the second ones like Z\ = 
z5 l r ; thanks to the identity z 2 Tr (r a ) = 0. This configuration describes an intersecting 
attractor made of black string/black 3-branes and black membrane, 





AdS 3 


S 3 


rp2 


rp3 
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8 
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10 


M2 


X 


X 


X 
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o 




o 


o 
























o 


o 


M2 


X 


X 


o 


o 


o 


o 


o 


o 


1 


o 


X 


o 






















I. 


o 


X 
























X 


X 


M5 


X 


X 


o 


o 


o 


o 


X 


X 


1 




o 


X 






















I 


X 


o 



(5.16) 



In the case where the 1-forms Aj ^ and \ a ^ and the other vanishing, the attractor 
eqs reduce to 

(Y a W ab Y b -Y a W al X b ) =0 , 

E(^°.^) =0 , 



(5.17) 



h3, r 



lead to Y b = ±Y a and Z, 



el,r 



±z 



mag,r- 
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5.3 Geometries with AdS2 

In this subsection, we study explicitly the attractor mechanism for three examples of 
near horizon geometries with non compact A0IS2 factors; these are: (a) AdS2xS 3 x T 3 , 
(b) AdS 2 xS 2 xT A and (c) AdS 2 xS 4 x T 2 

5.3.1 AdS 2 xS 3 xT 3 

On this geometry, the non vanishing field strength charges are as follows 





p-branes 


(A — p)- branes 


p = 


T 2 = Q a% cv Ad s 2 


J~[ 5\ai — Pai P S 3 ^ Pt 3 


p — 1 


?t = E V a Ps* 

r=l 


^5\a = E9att AdS2 A P T3 
r 


p = 2 


?4 = Eei e IJK a AdS2 A/3 5 i A sj . + £ <?% 3 A s i 



(5.18) 



where I,J,K = 1, 2, 3 are associated with the three 1-cycle generators of the 3-torus. 
From these field strengths, we learn that this geometry supports: 

(i) 3 x 2 electrically charge black holes with charges Q at and their magnetic duals with 
magnetic charges P a i, 

(ii) three magnetically charged strings with charge p a : and three electrically charged 
3-branes with charge q a , 

(iii) three dyonic membranes with charges (g 1 , eA . 

Following the same approach we have been using, the effective potential V e // of these 
black brane configurations reads as follows, 

V e // = |E (x ai 5 ab 5 i:j X b i + X ai 6 ab 6 ij X bj ^ 

+ 1 1 E(y a S ab Y b + Y a 5 ab Y b ) (5.19) 

+1 E 

where summation over the various indices is understood. The extremization of this 
effective potential leads to 

Weff = AaTA + E = °> ( 5 - 20 ) 

A a 

with 




(5.21) 
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The solutions of these attractor eqs T A = 0, F a = may be realized in various ways; 
one of them is given by the following: 



Y a = ±Y a 



X ai = ±X c 



, Z} = 



(5.22) 



The solutions with plus signs describe intersecting attractor involving three strings, three 
3-branes, six black holes and six 4- branes; but no membrane; those with minus signs 
are associated with the corresponding anti-branes. 

5.3.2 AdS 2 xS 2 xT 4 

On this geometry, the general form of the field strengths reads as follows, 



p-branes 


(4 — p)- branes 


-pai = piap s2 




^ = EP ak {Ps^Psi) 


h\a = E Qai£ ijkl [a AdS2 A p s i A p s i A p s i ) 


Fa = E e [kl] e klrs (a AdS2 A (3 s i xS i) + g [rs] (p s i A P s i xS i) 



(5.23) 



The total effective potential reads, in terms of the dressed central charges of the black 
holes/4-branes (^X m , X ia ^ , the four triplets of black strings/3-branes (y£, Y^j and 

Zl k n and magnetic Z^ 9 = ZjjL of the dyonic 



the six-uplet dressed electric charges Z^ 
membranes, as follows: 

3 2 



v e// = \ E E [xfsjiyXV + xyPiFxl,) 

a,b=l i,j=l v 7 

+|E E (Y k a 5 ab Y k b + Y^5 ab Y b A 

fc=lo,6=l v 
4 2 



2 E E 



7* &■ - 7 3 

k,i=n,j=i v 



Its gives the attractor eqs 

Tr (XT A X) - Tr (XT A x) = 

E \Tr {Y k T A Y k ) - Tr (Y k T A Y k )} = 

k=l 1 V ' J 



E Tr (Z [H] r a Z [M] ) 
fc,«=i 







(5.24) 



(5.25) 



The two first relations are solved as usual; i.e X a% = ±X a \ Y k = rkY k while the third 
has various solution based on choices that lead to Tr (r a ). These solutions corresponds 
to diverse configurations involving intersecting of black hole, black 4-brane, black string, 
black 3-brane and black 2-brane. 
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5.3.3 AdS 2 xS 4 xT 2 



Using the various n-cycles of AdS2 xS 4 xT 2 and the corresponding n-forms that could 
live on, the general expressions of the field strengths on this geometry reads as follows, 



p-branes 


(4 — p)- branes 


?2 = Q ta ®AdS2 


F&\ai = Pia Ps 4 A /3j<2 




^5\a = £ Pa (Pi? A a Si) 
k=l V ' 


F± = e (a A ds 2 A ckt 2 ) + gfis* 



(5.26) 



where now the strings are charged electrically and the 3-branes magnetically. The total 
effective potential V e // associated with this system is given as usual by the sum of the 
contribution of each extremal black-brane. The attractor equations following from the 
extremization of V e // are then given by: 



TrXT A X - Tr (XT A X) + £ Tr Y k T A Y k - Tr (Y k T A Y k ) 

k=i 1 v J 

Tr (Zr a Z) + Tr (XT A X) - Tr (Xr a x) 
whose solutions are given by Y k a = ±Y k a , X ia = ±X m , Z l = 0. 








(5.27) 



6 Conclusion 

Motivated by the new results obtained in [53], we have focused in this paper on 8D 
maximal supergravity embedded in 11D M-theory on T 3 ; and studied the attractor 
mechanism of black p-branes and their intersections. In particular, we have considered 
different configurations of black brane systems and derived various classes of solutions 
of their attractor eqs depending on the values of the dressed charges. 
To do so, we first studied the general structure of 8D non chiral maximal supersymmetric 
algebra with p-branes as well its link with M- theory compactified on T 3 . Then we have 
developed an unconstrained formalism to approach the geometry of the moduli space 
[SL (3, R) x SL (2, R)] / [SO (3) x SO (2)] and the symmetries of effective potential V e// 
of the black p-branes of the 8D maximal supergravity. In this way the scalar moduli of the 
supergravity are captured by two matrices L a b and Kjj valued in the SL (3, R) x SL (2, R) 
Lie group manifold; the extra degrees of freedom are suppressed by requiring gauge 
invariance under the SO (3) x SO (2) isometry. The attractor eqs of the black object of 
8D supergravity have the remarkable factorization, 

EAiT A = , EU tt = , (6.1) 

A=\ a=l 
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with the two terms respectively associated with [SL (3, R) / SO (3)] and [SL (2, R) /SO (2)]; 
in agreement with the factorized structure of the moduli space. Using the identities 
T A = Y^Tj;, Aa = A^ a b)TX b and quite similar relations for the SL (2, R) factor, these 
attractor equation may be also put in the equivalent forms A a bT ab = 0, \jF 1 ^ = 0. In 
( 16. ip . A^, X a (or equivalently A ab , A^) are 1-forms given by eqs (l3.30p and T A , F a (or 
equivalently T ab , have the typical expressions, 

T A = ZTr(Y I T A Yj-Y I T A Y I ) , F a = £Tr (Z r r a Z r ) . ( 6 .2) 

where Yj, Yj, Z r stand for dressed charges and T A , r a for the generators of SL (3, R) <g> 
SL(2,R). Similar expression can be written down for T ab and F % i leading to T ab = 
YjY b — YfY b and F l i = Z % T Zl. One of the outcome of these expression is that T ab = T ba , 
F % 3 = F^ 1 ', that is symmetric tensors showing that there is no contribution to the attrac- 
tor eqs coming from those generators with = — T b A and rjy = — r^. This property 
reflects just the decoupling of the contribution associated with the SO (3) factor inside 
SL (3, R). A similar conclusion is also valid for the SL(2, R) component and the SO (2) 
subroup. 

We end this discussion by noting that the solutions worked out in this study are real 
solutions since the moduli space [SL (3, R) x SL (2, R)] / [SO (3) x SO (2)] is a real man- 
ifold. Complex solutions, such as eq (l5.12j) with v £ [0, 1], can be found if instead of ( 13. 5p . 
we use the complex manifold [SU (1, 2) / SU (2)] x [SU (1, 1) /U (1)]. 

Acknowledgement 1 This research work is supported by the program Protars III D12/25. 

A Dirac matrices in 8D 

Here we give some useful properties on the algebra of V- matrices in 8D space time 
dimensions. In a quite similar way as in 4D, there are eight V- matrices in 8D namely 
with n = 0, 7; they generate the Clifford algebra [38] . 

with rf ,v = diag (— , +...+) standing for the metric of R 1 ' 7 with rotation symmetry 
SO(l,7). From these relations we learn amongst others that (r ) 2 = —lid and (P) 2 = 
+Iid for i = 1,...,7. The simplest realization of the T^'s is given by n x n matrices 
with n = 2 4 and so act on 16 components objects: Dirac spinors. With these matri- 
ces, one can build others carrying several space time vectors by taking the completely 
antisymmetric products as follows: 

FMi-Mp = i(I>i...r^ ± permutations) , (A.2) 
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where (+) and (— ) stand respectively for even and odd permutations. For the leading 
p = 2 case, we have just the commutators of T-matrices which give a realization of the 
SO (1, 7) rotation generators M^ v in the 16 dimensional spinor representation, 

M"" = l -Y^. (A.3) 

Moreover and like in 4D, we distinguish three kinds of spinors in 8D; the first one is 
the SO (1,7) Dirac spinor \fr Dzrac having 16 complex components. But this spinor is 
reducible into 8 + 8 components describing each a complex Weyl spinor defining the two 
chiralities of \J/ Dimc namely the left ^f L = (ip) a and the right ^ R = (x A ) related to the 
Dirac \P as follows, 



* L = i(i-r 8 )w , r 8 ^ L = -^ L 
* fl = i(i + r 8 )* , r 8 *fl = +* fl 



(A.4) 



2 

In these relations, the matrix T 8 is the chirality operator given by 

r 8 = e - l4 ?r°...r 7 , (A.5) 

satisfying, amongst others, the following properties 

(r 8 ) 2 = /, {r 8 ,rn = o, [r 8 ,r^] = o . (A.6) 

The third kind of spinors in 8D is of Majorana type; that is a Dirac spinor constrained 
by the typical reality condition 

^* = , (A.7) 

where B is 16 x 16 matrix. This condition which also reads as ^ = B*B^> should be 
as well consistent with Lorentz transformation 5^ = iu^ u M^ u ^/ . The solution of the 
constraint relations leads to 

B*B = I , M*"" = -BM^B" 1 , (A.8) 

where M*^ v is the Lorentz matrix generating rotation \&*; that is 5^* = —ico^ (M*^ v ) \&*. 
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